Substitutions for tilings {p, q} 



M. Margenstern^ and G. Skordev^ 
1 Universite de Metz, LITA, EA 3097, lie du Saucy, 
57045 METZ Cedex, FRANCE, margens@sciences.univ-metz.fr 

■ ^ Universitat Bremen, Fachbcrcit fiir Mathematik, CeVis Centre, 
^ ! Universitatsallee, 29, 28359 BREMEN, GERMANY, skordev@cevis.uni-bremen.de 

Q I In this paper we consider tiling {p, q} of the Euclidean space and of the hyperbolic space, and 

' its dual graph Tq^p from a combinatorial point of view. A substitution aq^p on an appropriate finite 

■ alphabet is constructed. The homogeneity of graph Tg^p and its generation function are the basic 
tools for the construction. The tree associated with substitution aq^p is a spanning tree of graph 
Tq^p. Let Ufi be the number of tiles of tiling {p, q} of generation n. The characteristic polynomial of 
the transition matrix of substitution characteristic polynomial of a linear recurrence. The 
sequence {un)n>o is a solution of this recurrence. The growth of sequence (un)n>o is given by the 
dominant root of the characteristic polynomial. The result of this paper is related to [SI 13 [3 [U [U 
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; 1 Combinatorial structure of tiling {p, q} induced by the genera- 
2 ; tion function 

Here we shall develop [2] using different combinatorial method. 
' We consider tiling {p, q} of the Euclidean or the hyperbolic plane by regular p-gons such that 

--^ ■ each of its vertex is shared by q gons, i. e., {p — 2){q — 2) > 4, [11], Ch. 5, 3.3. Denote by Tq^p the 

Q ', dual graph of tiling {p,q}. Remind that the vertices of Tq^p correspond to the tiles of {p,q}- Two 

vertices of Tq^p are connected in this graph iff the corresponding tiles have a common edge. We 
■ assume that the dual tiling {q,p} and the dual graph Tq^p are naturally imbedded in the plane of 

. tiling {p,q}. Precisely, the vertices of Fq^p are the centres of the corresponding tiles of {p,q}. Let 

^ I y^q,p be the set of the vertices of graph Tq^p and let Eq^p be the set of its edges. We denote by e^^^^j 

the edge of Tg^p, connecting vertices vi and V2- Every vertex v £ Vq^p is connected with p vertices, 
i.e., the degree of v in Tq^p is p. The vertices, connected with v, are called neighbors of v. 

We remind the definition of a metric d{., .) on set Vq^p. Let 7 = evi,w2^w2,w3 ■ ■ ■ ^Wk,v2 be a path 
in graph Tq^p, connecting vertices vi and V2- We say that the length ^(7) of path 7 is 1(7) = k. Then 
the metric is defined by d{vi,V2) = min{l{^) : 7 is connecting vi with ^2}- 
Choose and fix a vertex v G Vq^p. We call this vertex a root the graph Tq^p. 

Definition 1.1 The generation function g : Vq^p — > {0, 1,2,...} is defined by g{v) = d{y, v) for 
V € Vq^p. The value g{v) is called the generation of vertex v. 

Remark 1.1 Every tile of {p,q} is an image of the tile corresponding to the root ofVq^p by an 
iteration of symmetries with respect to lines supporting edges of tiles of{p,q}. The minimal number 
of such symmetries is the generation of the tile. The vertices of graph Tq^p correspond to the tiles 
of tiling {p, q} and the generation of a vertex is the generation of the tile, corresponding to it. 
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Let v' be a neighbor of v. Vertex v' is called a successor of v if g{v') = g{v) + 1. In this case v 
is called predecessor of v' . 

Denote by Vn the set of all vertices of generation n, i.e., Vn = {v € Vq^p : g{v) = n}. 

The choice of the root v and the generation function g{n) impose a structure on graph Tg^p 
and therefore a structure of tiling {p,q}. Our goal is to describe this structure. We shall find a 
substitution (a morphism) ag^p : Ag^p — > A* p on an appropriate alphabet Ag^p. This substitution 
generates set Vn and the tree associated with ap^g is a spanning tree of graph Tg^p with root ij. 
Moreover, the set of vertices of this tree of generation n coincides with set Vn- This implies that 
sequence (n„)„>o, Un = card{Vn), is a solution of a linear recurrence with constant coefficients. 
The characteristic polynomial of this recurrence is the characteristic polynomial of the transition 
matrix of substitution CTg^p. The homogeneity of graph Tg^p is very important for the analysis of its 
combinatorial structure. Moreover, it is known from the proof of Poincare's theorem that the local 
considerations are consistent, see Ch. 2, , 1.5. For this reason the proofs of many assertions 
are by a simple induction on the generation of vertices and, consequently, they are skipped. Let us 
note that the combinatorial structure of Fg^p depends on the parity of q. 

1.1 Orientation, elementary cycles and relative generation in Fgp 

Lemma 1.1 There are vertices vi,V2 € V2k+i,p, connected by an edge e^^^^^ G -E'2fe+i,p; such that 
9{vi) = g{v2). There are no such vertices in E2k,p- 

Proof. The assertion follows by an induction on generation g{vi) of vertex vi. 

Remark 1.2 Lemma \l.l\ manifests an important difference between graphs T2k,p o,nd r2A;+i,p. 

Let 

^vi,v2 ^ Eg,p and let g{v2) — g{vi) + 1. We consider edge e^^^^ij with the orientation in the 
direction from vi to V2- 

Corollary 1.1 All edges of graph T2k,p cti"c oriented, i.e., T2k,p is a directed graph. 

A closed path C = e^^^^jC^j^^g . . . e^^^^^ in Tg^p is called an elementary cycle. All elementary 
cycles of graph Tg^p have a length q, and the elementary cycles are boundaries of the tiles of the 
dual tiling {q,p} of tiling {p,q} 

Definition 1.2 Let g{C) = min{g{vi) : Vi G Vg^p, Vi € C}. 

We call g{C) a generation of elementary cycle C . 
Lemma 1.2 Let C be an elementary cycle ofT2k,p- Then the set 

of the vertices of C satisfies: 

1. g{vo) = g{C); 

2. g{vii) = g{vir) = g{vo) +i, i = 1,2, . . . ,k - I; 
3- g{vk) = g{vo) + k. 
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Proof. By induction on g{C). 

An elementary cycle of T2k,p is represented on Fig. l(left). 

Lemma 1.3 Let C he an elementary cycle ofT2k+i,p- Two cases are possible: 

1. The set 

of the vertices of C satisfies: g{vii) = g{vir) = g{C) + i, i = 0, 1, 2, . . . , fc — 1, and g{vk) = 
g{C) + k; 

2. The set 

{Vo, ViL,ViR, V^k-l)L,V{k-l)R, VkL, Vkn} 

of the vertices of C satisfies: g{vo) = g{C), givn) = g{viR) = g{C) +i, i = 1,2,. . . ,k. 
Proof. By induction on g{C). 

We shall call the elementary cycles of Lemma 11.31 1 elementary cycles of the first kind. The 
elementary cycles of Lemma [1.31 2 are called elementary cycles of the second kind. Both of them are 
represented on Fig. l(midle, right). 
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Fig. 1. Elementary cycle of graph T2k,p, Lemma \l.^ left) and elementary cycles of T2k+i,p, 
Lemma \l .3\( midle. right). 



Remark 1.3 Observe that edges e^p^^^Q^ and 61,^,^^^,^.^ of the elementary cycles on Fig. l(midle, 
right) are not oriented. 

Definition 1.3 Let C be an elementary cycle ofVq^p and let v be a vertex of C. The relative gen- 
eration gc{v) of V in C is defined as follows: 

1. Case q=2k .- 

C = {vo, Vii,Vir, V{k-l)hV(j,_i)r,Vk}, 



here we use the notation of Lemma \l.Si 

Then gcivo) = 0, gcivu) = H, gc{vir) = ir for i = 1, . . . ,k - I, and gc{vk) = k; 
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2. Case q=2k+l, elementary cycle of the first kind; 

C = {V{)l,VQr, ■ ■ ■ ,V(k-l)h''^(k-l)riVk}, 

here we use the notations of Lemma \1.3\( l). 

Then gc{vii) = il, gc{vir) = ir for i = 0, . . . ,k - 1, and gc{vk) = k; 

3. Case q=2k+l, elementary cycle of the second type: 

C = {Vo, ViL,ViR, V^k-1)L, V{k-1)R, VkL, VkR}, 

here we use the notations o f Lemma 1 1 . 3]( 2). 

Then gcivo) = 0, gcivn) = iL, gc{viR) = iR for i = 1, . . . ,k. 

1.2 Types of the vertices of F^ p 

Here we shall define a type t{v) of a vertex v € V^^p. For this we consider two cases q = 2k and 
q = 2k + l. 

Case q=2k 

Let A2k,p = {0, II, Ir, . . . , {k — 1)1, [k — l)r, k}. We shall define the map t : V2k,p — -^kp- ^^"^ 
this we need some preliminary considerations. 

Let V € V2k,p and C{v) = {Ci, . . . , Cp} be the set of all elementary cycles in V2k,p, which share 
V as a, common vertex. We shall define an order of set C{v). For this we define the first element of 
this set and use the positive orientation of the plane (Euclidean or hyperbolic) where tiling {p, 2k} 
and its dual graph T2k,p are embedded. 

Lemma 1.4 Let v S T2k,p, k > 2, p > A and let m{v) = min{g{C) : C € C{v)}. The following 
cases are possible: 

1. There is only one elementary cycle Ci € C{v) with m[v) = g{Ci); 

2. There are only two elementary cycles Cs,Ct € C{v) with m{v) = g{Cs) = g{Ct), and gc^v) = 

3. g{Ci) = ■■■ = g{Cp) for d e C{v), i = 1,. . . ,p, and v = v. 
Proof. By induction on g{v), see Fig. 2. 
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Fig. 2. Elementary cycles of Lemma \ 1 . 4^ 1 ) (left), (2)(midle), (3)(right). 

Definition 1.4 The first element of set C{v), v G V2k,p is defined as follows: 

1. It is the unique element Ci G C{v) in the case of Lemma \1.4^ 1); 

2. It is element Cg € C{v) in the case of Lemma \1.4^ 2); 

3. It is an arbitrary element of C{v) in the case of Lemma \1.4^ 3). 

Lemma 1.5 Let v G r2fc,3, A; > 3 and let m(v) = min{g{C) : C € C(u)}. The following cases 
are possible: 

1. There is only one elementary cycle Ci € C{v) with m{v) = g{Ci); 

2. There are only two elementary cycles Cs,Ct € C{v) with m{v) = g{Cs) = g{Ct), and one of 
the following cases hold 

(a) gcsiv) = gctiv) = ir; 

(b) gcAv)='^h gcAv)='^r; 

3. g{Ci) = g{C2) = g{C^) for d G C{v), i = 1, 2, 3, and v = v. 
Proof. By induction on g(v) and Lemma 1.3, see Fig. 3. 
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Fig. 3. Elementary cycles of Lemma 1 1 . 5\( 1) (left). (2a)(midle), (3)(right). 

Definition 1.5 The first element of set C{v), v G V2fc,3, k > 3 is defined as follows: 
1. It is the unique element Ci E C{v) in the case of Lemm,a \1.5\( l): 



3. It is an arbitrary element of C{v) in the case of Lemma \1.5\( 3). 

We denote the first element by Ci in all cases. 

The order Ci <•••< Cp of set C{v) = {Ci, . . . , Cp} is defined by the condition that chain 
Ci . . . Cp is in a positive direction in the plane of tiling {p, q}. 

Definition 1.6 Let v G V2k,p- The type t{v) of vertex v is defined as t{v) = gciiv) ■ ■ ■ gCpi^), where 



C{v) = {Ci,...,Cp} andCi<-- - < Cp. 

Observe that t{v) G A^j^p, where A2k,p = {0, 1/, Ir, . . . , {k — 1)1, {k — l)r, k}. 

Lemma 1.6 Let v G V2k,p-, k >2, p > 4. The following types t{v) are possible: 

1. tti = (i/)(lr)0P-2, i = l,...,k-l; 

2. Ok = k{lr)OP~^{ll); 

3. aj = {jr)(f'^ill), 2<j<k-l; 
I ao = OP. 

Moreover, card{t{v) : v G y2k,p} = 2k — 1 = q — 1. 

Proof. By induction on g{v) and Lemma 1.4, see Fig. 2. 

Lemma 1.7 Let v G V2k,3, k > 3. The following types t{v) are possible: 
1. Oi = {il){lr)0, i = l,...,k-l; 



2. It is element Cs G C{v) in the case of Lemma \1.4^ 2); 
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2. ak = k{lr){ll); 

3. afc+i = (2Z)(2r)0; 

4. aj = (jr)O(lO, j = 2,...,k-l; 

5. ao = O^. 

Proof. By induction on g{v). See Fig. 3. 

Case q=2k+l 

Let 

A2k+i,p = {01, Or,...,{k- 1)1, {k - l)r, k, 0, IL,IR..., kL, kR}. 

We shall define a map t : V2k+i,p — > ^2fc+i p- ^^^^ follow the procedure used in the previous 
case q = 2k. 

Let C{v) = {Ci, . . . , Cp}, where f is a vertex with v € Ci, i = 1, . . . , p. We shall define an order 
Ci < • • • < Cp of set C{v). Then t{v) is defined as t{v) = gci{v) ■ ■ ■ gCpi^')- To define the order of 
C{v) we define its first element and use the positive orientation of the plane of tiling {p, 2k + 1}. 

Lemma 1.8 Letv G V2k+i,p, k>2, p>A and letm{v) = min{g{C) : C G C{v)}. The following 
cases are possible: 

1. There is only one elementary cycle Cj G C{v) with m{v) = g{Ci); 

2. There are only two elementary cycles Cs,Ct G C{v) with m{v) = g{Cs) = g{Ct),and one of 
the following cases hold: 

(a) 9Cs{v) = 11, gct{v) = ^R; 

(b) gcAv) = ^r, gctiv) = IL; 

(c) gcAv) = 1^, gctiv) = IR; 

3. g{Ci) = ■■■= g{Cp) for d G C{v), i = l,...,p. 

Proof. By induction on g{v) and Lemma 1.3, see Fig. 4a and Fig. 4b. 
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Fig. 4a. Elementary cycles, Lemma 1.8(1). 
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Fig. 4b. Elementary cycles, Lemma 1.8(2). 



Definition 1.7 The first element of set C{v) is defined as follows: 

1. Ci in the case of Lemma 1): 

2. Cs in the case of Lemma 1 1 . 8\( 2): 

3. It is an arbitrary element of C{v) in the case of Lemma \1.8\( 3). 

Lemma 1.9 Let v G V2fc+i,3, k > 3 and let m{v) = min{g{C) : C G C{v)}. The following cases 
are possible: 
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1. There is only one elementary cycle Ci € C{v) with m(v) = g{Ci); 

2. There are only two elementary cycles Cs,Ct G C{v) with m{v) = g{Cs) = g{Ct),and one of 
the following cases hold: 

(a) gcsiv) = gctiv) = IR ; 

(b) gCs (v) = Ir, gct (v) = IL ; 

(c) gcSv) = lL, gcAv) = lR; 

(d) gcAv)='^L, gc,iv)=2R; 

3. g{Ci) = ■■■ = g{Cp) for C, G C{v), i = l,...,p. 
Proof. By induction on g{v) and Lemma 1.3 see Fig. 5. 




Fig. 5. Elementary cycles, Lemma 1.9(l)(left), Lemma 1.9(2a)(midle), Lemma 1.9 (2b) (right). 



Definition 1.8 The first element of set C{v) is defined as follows: 

1. d in the case of Lemma \1.9\( 1): 

2. Cs in the case of Lemma 1 1 . W 2): 

3. It is an arbitrary element of C{v) in the case of Lemma \l.W 3). 

Lemma 1.10 Let v € Vs^p, p > 6 and let m{v) = min{g[C) : C S C{v)}. The following cases 
are possible: 

1. There are only two elementary cycles Cs,Ct € C{v) with m{v) = g{Cs) = g{Ct), and gc^{v) = 
IL, gcAv) = lR ; 

2. There are 3 elementary cycles Cs,Ct,Cu € C{v) with m{v) = g{Cs) = g{Ct) = g{Cu), and 

acsiy) = IL, gctiv) = i,gcuiv) = ^R ; 

3. g{C,) = ■■■= g{Cp) for d G C{v), i = l,...,p. 
Proof. By induction on g{v), see Fig. 6. 
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Fig. 6. Elementary cycles, Lemma 1.10. 

Definition 1.9 The first element of set C{v) is defined as follows: 

1. Ci in the case of Lemma \1.1 (M l): 

2. Cs in the case of Lemma \1.1 (M 2): 

3. It is an arbitrary element of C{v) in the case of Lemma \l.l(M 3). 

We denote the first element of C{v) by Ci in all this cases. The order Ci < ...CpoiC{v) = 
{Ci, . . . , Cp} is defined by the condition that chain Ci ... Cp is in the positive direction in the plane 
of tiling {p,2k + 1}. 

Lemma 1.11 Let v G V2k+i,p, ^ > 2, p > 4. The following types t{v) are possible: 

1. tti = (i/)(li?)Of~^ i = l,...,k-l; 

2. Ok = k{lR)OP-^{lL); 

3. bi = {iL){lR){f-'^ , i = 1, . . . , - 1; 
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I bk = {kL){lR)OP-^{0l); 

5. cLj = (ir)0P-2(iL), 1 < i < - 1; 

6. bj = ijR}Oi'-^lL), 2<j<fe-l; 

7. h = (A:i?)(0r)(F-3(lL); 

8. ao = OP. 

Proof. Induction on g(v) and Lemma 1.8, see Fig. 4. 

Lemma 1.12 Let v G V2fe+i,3, k >3. The following types t{v) are possible: 

1. ai = (2i2)0(lZ); 

2. tti = iil){lR)0, i = 2,...,k-l; 

3. ak = k{lR){lL); 

4. ak+i = {2R){2L)0 

5. bi = {iL){lR)0, i = l,...,k-l; 

6. bk = {kL){lR){Ol); 

7. di = (2L)(lr)0; 

8. aj = {jr)0{lL), 2<j<k-\; 

9. bj = {jR)0{lL), 2<j<k-l; 

10. bk = {kR){Or)ilL); 

11. ao = 03. 

Moreover, card{t{v) : v G V2k+i,p, k > 1, p > 4} = 4A; — 1 = 2g — 3. 
Proof. By induction on g{v) and Lemma 1.9, see Fig. 5. 

Remark 1.4 For the sake of simplicity of the notations we take ai = (lr)(F~^(lL) instead of 
(lL)(lr)(F-2. 

Lemma 1.13 Let v G V3,p, k = 1, p>6. The following types t{v) are possible: 

1. a = (lL)(li?)(Or)(F-^(00; 

2. b = {lL)\{lR){fdr)^-^{Ql). 

3. ao = (F. 

Proof. By induction on g{v) and Lemma 1.10, see Fig. 6. 
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1.3 Types of the successors of the vertices 

Lemma 1.14 Let v E V2k,p, k > 2,p > 4. Let vi, . . . ,vi be the successors of vertex v. The types of 
Vi, . . . ,vi are given by t{v) t{vi) . . . t{vi): 

1. t{v) = ai ^ 02(01 )P~^aj+i, 1 <i <k — 1\ 

2. t{v) = ak^ a2{ai)P-'^a2] 

3. t{v) = CLj aj+i{ai)P'^a2, 2 < j < k - 2; 

4. t{v) = at-i ak{aiY~^a2; 

5. t{v) = ao ^ (ai)P. 

Proof. The assertion follows from Lemma 11.61 use Fig. 2. 

Lemma 1.15 Let v G V2fc,3, A; > 3. Let vi,...,vi be the successors of vertex v. The types of 
vi, . . . ,vi are given by t{v) t{vi) . . . t{vk): 

1. t{v) = ai ^ 0204+1, 1 < i < k — 1; 

2. t{v) = ak^ Ofc+i; 

3. t{v) = Ok+i 0303; 

4- t{v) = cij — !■ aj+ia2, 2 < j < k — 1; 
5. tiv) = ao ^ (ai)P. 

Proof. The assertion follows from Lemma 11.71 use Fig. 3. 

Lemma 1.16 Let v G V2k+i,p, k > 2, p > 4. Let vi, . . . ,vi be the successors of vertex v. The types 
of vi, . . . ,vi are given by t{v) — > t{vi) . . . t{vi): 

1. t{v) = ai^ 62(6iF'^a*+i, l<i<k-l; 

2. tiv) = ak^ b2{biy-%; 

3. t{v) =ai^ Oi+iibif-^, l<j<k-2; 

4. t{v) = Ofc-i ak{biy^%2; 
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5. t{v) = bi^ b2{bi)P-%,+i, l<i<k-l; 

6. t{v) = hk^h2{hiY-W, 

7. t{v) = bj ^ bi+i{bi)P-^2, 2<j<k-2; 

8. t{v) = bk{biy-%2; 

9. tiv) = bk^aiibi)P-%; 

10. t{v) = ao ^ {biY. 

Proof. The assertion follows from Lemma ll.lll use Fig. 4a, 4b. 

Remark 1.5 Observe that b^ and b^ are connected in F^ p by a non oriented edge. 

Lemma 1.17 Let v € V2k+i,3, k > 3. Let vi,...,vi be the successors of vertex v. The types of 
vi,. . . ,vi are given by t{v) t{vi) . . .t{vi): 

1. t{v) = ai ^ 6302; 

2. t{v) = ai ^ hci+i, i = 2, . . . ,k - 1; 

3. t{v) = au flfc+i; 

4. t{v) = afc+i ^ 6363; 

5. t{v) = ai^ 0263; 

6. t{v) = ai — > ai+162, « = 2, . . . , - 1; 

7. t{v) = bi^ hbi+i, l<i<k-l; 

8. t{v) = bk ^ ai; 

9. t{v) = bi—* bi+ib2, i = 2, . . . ,k - 1; 
10. t{v) = bk—> ai; 
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11. t{v) = ao ^ 



Proof. The assertion follows from Lemma 11.121 and Lemma 1.9, use Fig. 5. 

Lemma 1.18 Let v G V^^p,p > 6. Let vi, . . . ,vi be the successors of vertex v. The types ofvi, ■ ■ ■ ,vi 
are given by t{v) t{vi) . . . t{vi): 

1. t{v) = a ^ baP-%; 

2. t{v) = b^ baP-%; 

3. t{v) = ao^ {by. 

Proof. The assertion follows from Lemma ll.131 use Fig. 6. 
1.4 Substitution generating a spanning tree of F^p 

Let VLq^p = {t{v) : v E Vq,p}- Here we shall define a substitution (morphism) aq^p : Og^p — > ^^^p- 

The n-th iteration o'gp(O^) of 0^ € ^Iq^p is a concatenation of words belonging to the set 
{crq,p{w) : w e Og,p}. 

The tree Tg^p associated with the orbit (o"g^p(0^))„>o of word 0^ € i^q^p is a spanning tree of graph 
Tq^p. Remind that tree Tq^p is defined as follows. Its vertices are the points of orbit i(^q^piO'^))n>o- 
The root of Tq^p is 0^. Let uj E Tq^p, then the successors of to in tree Tq^p are all words belonging to 

The embedding of tree Tq^p in graph F^^p is defined by induction on the generation of the vertices. 
The root 0^ of Tq^p is identified with the root v of F^^p. Assume that the embedding is defined for 
all vertices of Tg^p of generation < k, and all edges connecting them. Let uj G Tq^p, v G Fg^p and let 
a;, be of the same generation k. Identify the words in aq^p{uj) with the successors of v of the same 
type in the direction of the positive orientation of the plane. 

We consider two cases: q = 2k and q = 2k + 1 for the definition of substitution Cg^p. 

Case g = 2fc, A; > 3, p > 4 
In this case 

Here we use the notations of Lemma 1.6 and Lemma 11.141 

Definition 1.10 Let q = 2k, k > 3, p > 4. The substitution a2k,p '■ ^2k,p — > ^2kp ^■^ defined as 
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follows. 

o-2fe,p(ao) = (aiF; 

o"2fe,p(ai) = 02(ai)P~^ai+i, 1 < i < k - 2; 

o-2fe,p(afe-i) = a2{aiy~^; 

o-2fe,p(afc) = a2(ai)J'~^a2; 

o-2fe,p(aj) = aj+i(ai)^"^a2, 2 < i < k - 2; 

o-2fe,p(afc-i) = afc(ai)^~^a2- 

Case g = 4,p = 4 
In this case 

^^4,4 = ^4,4 = {ao, oi, 02}- 

Definition 1.11 Xei g = 4,p = 4. T/ie substitution (74^4 : ^4^4 — > $14 4 is defined as follows. 

0-4,4(00) = (oi)^; 

0-4,4(01) = (12(11 ; 

0-4,4(02) = (l2- 

Case, g = 2fc, > 4,y = 3 
In this case 

^2fc,3 = ^2fc,3 = {C'0,ai, ■ ■ ■ , Cifc+1, 02,03}- 

Definition 1.12 Let q = 2k, k > 4,p = 3. The substitution (T2k,3 '■ ^2k,3 — ^ ^2fc 3 defined as 
follows. 

o-2fe,3(ao) = (01)^; 

(^2fc,3(ai) = 020i+i, l<i<k-2; 

('■2fe,3(ofe-i) = 02; 

('■2fc,3(0A;) = Ofc+i; 
('■2fe,3(0A;+l) = 0303; 

o-2fc,3(aj) = 0^+102, 2<i<k-2; 
<^2k,p{ak-i) = Ofea2. 
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Case q = 6,k = 3,p = 3 
In this case 

^^6,3 = ^6,3 = {ao,ai,a2,a3,a4,a2}- 
Definition 1.13 Let q = 6, k = 3,p = 3. The substitution (76,3 : ^^5,3 — > ^^6,3 defined as follows: 



0-6,3 (do) 


= (01)=^ 


0-6,3(01) 


= 0202; 


0-6,3(02) 


= 02; 


0-6,3(03) 


= 04; 


0-6,3(04) 


= 03; 


0-6,3(02) 


= 0302. 



Case q = 2k + l, k>2,p>4: 
In this case 

^2k+i,p = ^2fc+i,p = {"^o, oi, . . . , Uk, oi, 02, . . . , afc_i, 61, . . . ,bk, 1)2, h, ■ ■ ■ , bk}. 
Here we use the notations of Lemmas 1.11 and 1.16. 

Definition 1.14 Let q = 2k + 1, k > 2, p > A. The substitution cr2k+i,p '■ ^2k+i,p — ^ ^2fc+ip 
defined as follows. 

o-2fe+i,p(oo) = {bi)P; 
o-2fe+i,p(oi) = hibiY'^tti+i, l<i<k-l; 

o-2fe+i,p(ofe) = b2{biy~%; 
(^2fc+i,p(&i) = b2{bi)P~%+i, l<i<k-l; 

(^2k+i,p{bk) = hibiy-'^ai; 
o-2fc+i,p(aj) = aj+i{biy~%2, 1 < i < A; - 2; 

o-2ifc+i,p(afe_i) = {bi)P-^2--, 
(T2k+i,pih) = h+iibiy'^b2, 2<j<k-l; 

(^2k+i,p{^k) = ai{bi)P-%. 
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Case q = 2k + I, k > 3, p = 3 
In this case 

f^2fe+i,3 = ^2fc+i,3 = {'^0, oi, • • • , «fc+i, ai, 02, . . . , ak-i,bi, . . . ,bk, 62, ^3, . . . , 6^}. 
Here we use the notations of Lemma 11.111 

Definition 1.15 Let q = 2k + l,k > 3,p = 3. The substitution cr2k+i,3 '■ ^^2fe+i,3 — ^ ^2fc+i 3 
defined as follows. 

o-2fc+i,3(ao) = (bi)^; 

0"2fc+l,3(«l) = ^3^2 

o"2fc+i,3(«i) = hai+i, 2 < i < k - 1; 

0'2fc+l,3(«A:) = Ofc+i; 
0'2fc+l,3(«A:+l) = ^3^3; 

cr2k+i,3{bi) = hbi+i, l<i<k-l] 

^2fc+i,3(^fc) = fli; 

f'"2fe+l,3(oi) = a2&3; 

<^2k+i,3{aj) = aj+162, 2 < j <k-2; 

O'2k+l,3{o,k~l) = ^2; 

o-2fc+i,3(&j) = &j+i&2, 2 < j < A: - 1; 

f'"2fe+l,3(ftfc) = fll- 

Case q = 3, p > 6 
In this case 

^3,p = ^2fe+i,p = {ao,a,6}. 
We use the notations of Lemma 11.181 

Definition 1.16 Let v € V^^p, p > 6. The substitution a^^p : ^3^^ — > ^^p is defined as follows. 

o"3,p(ao) = bP; 
c^3,p(a) = aP-^b; 
(T3Ab) = oP-'^b. 
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Theorem 1.1 The tree Tq^p corresponding to the orbit (o"gp(ao))n>o of ao with respect to the sub- 
stitution Gq^p : Oq^p — > ^g,p ^ spanning tree of graph Tq^p. The vertices ofVq^p of generation n 
correspond to the letters of word aq p^ao) G ^q^p. 

Proof. Follows from the construction. 

1.5 The transition graph, the transition matrix of substitution (j^ p 

Here we consider the substitution dq^p = aq^p : f^g,p — > ^*q p , where O^^p = ilg^p \ {ao}- 

Denote the transition (incidence) matrix of substitution aq^p by Mq^p. The rows and the columns 
of Mq^p are labeled by the elements ai, 02, . . . , 61, 62, • • • j oij 02; • • • j &2) ^3, • • • of Clq^p in this order. 
The elements ma,/3 G Mq^p,a,f3 G ^Iq^p are defined as 

^^0,(3 = card{P : /3 is a letter of word cjg^p(a)}. 

We denote by T{aq^p) the transition graph of substitution dq^p : Qq^p — > ^q,p- Graph T{aq^p) is a 
directed graph with transition matrix Mq^p, [3], ch. 15, [1], ch. 3. A directed graph is called strongly 
connected if, for each pair of vertices vi and V2, there is a directed path connecting vi to V2- 

Remind that the index of imprimitivity hq^p of the strongly connected graph T{aq^p) is the 
greatest common divisor of the lengths of the closed directed paths on r(cjg^p), [l], ch. 3, 3.5, [4], 
ch. 15, 15.6. 

Lemma 1.19 The transition graph T{aq^p) has the following properties: 

1. r(cjg_p) is strongly connected for q = 2k, k > 3,p > 4. The index of imprimitivity h2k,p of 
r(cjq^p) is one; 

2. r(cr4^4) has two strongly connected components {oi} and {02}; 

3- r(5'2fc,3), k>4 has one strongly connected components. It contains all vertices different from 
ai . The vertex ai is isolated. The index of imprimitivity /i2fc,3 of the strongly connected com- 
ponent is one; 

4- r(cj6,3) has two strongly connected components {02,02}, {03,04}- The vertex ai is isolated; 

5. r(cj2fc+i,p), k > 2, p > 4 is strongly connected. The index of imprimitivity h2k+i,p of 
r(5-2fc+i,p) is one; 

6- r(f''2fc+i,3)> A: > 3 has one strongly connected component, containing all vertices different from 
bi. The index of imprimitivity /i2fc+i.3 of this component is one; 

7. r(cj3^p), p > 7 is strongly connected. The index of imprimitivity h-^^p ofT^a^^p) is one; 

8. r(cj3^6) ^tis two strongly connected components {a} and {b}. 

Remind that the transition matrix of a strongly connected graph is irreducible, [3], ch. 15. Let 
M be a nonnegative irreducible matrix, then the Perron-Probenius theorem gives.: 

1. Matrix M has a positive eigenvalue, r, equal to the spectral radius of M; 

2. There is a strongly positive (right) eigenvector associated with eigenvalue r; 
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3. Eigenvalue r is a simple root of the characteristic polynomial of M. If M = {rriij) and 
(Tj = J2k ^j,k, then mirij crj < r < maxj aj; 

4. Let the index of imprimitivity h = h{M) > 1. Then matrix M has eigenvalues Aq = 
r, A2, • • • , ^h~i with Xs = exp < s < h — 1. All these eigenvalues are simple; 

5. The index of imprimitivity h = h(M) of matrix M is equal to the index of imprimitivity of 
the transition graph of matrix M; 

6. Matrix M is called primitive if h{M) = 1. A primitive matrix Af has a simple positive 
eigenvalue r, which is dominant, i.e., r > A for every eigenvalue A 7^ r of M, 

see m, Ch. 15; [I], ch. 3. 

Corollary 1.2 The transition matrix Mp^q of substitution dq^p has the following properties. 

1- M2k,p, k > 3, p > 4 is primitive and it has a dominant single positive eigenvalue r2k,p > 1,' 

2. M4^4 is reducible; 

3. M2k,3, k > 4 is reducible, but it has a dominant single positive eigenvalue r2k,3 > 1/ 
4- Mq^s is reducible; 

5. M2k+i,p, k > 2, p > 4 is primitive and it has a dominant single positive eigenvalue r2k+i,p > 

1; 

6. M2k+i,3, k > 3 is matrix and it has a dominant single positive eigenvalue ^2^+1, 3 > 1; 

7. Ms^p, p > 7 is primitive and it has a dominant single positive eigenvalue r^^p > 1; 

8. Msfi is reducible. 

1.6 Characteristic polynomial of substitution dqp and number of elements of 
generation n of Fg p 

By a definition, the characteristic polynomial Xq,pix) of substitution aq^p is the characteristic poly- 
nomial of the matrix M^ p. Let 

Xg,p(x) = X^ - ClX^~^ CN-l-lX - CN~lx\l > 

= card{Clq^p) = card{Qq^p) — 1. 

Let Un be the number of elements of generation n of graph Tq^p. Observe that Un is the number of 
tiles of generation n of tiling {p, q}. Theorem 1 implies that Un = card{a'^{aQ)), n = 0, 1, . . .. 

Denote by Un the number of elements of a'^{a), where aq^p{ao) = af,a G ^q,p. Then Un+i = 
pUn, n = 0, 1, . . .. Furthermore, 

n„ = (l,0,...,Of Mg"p(l,...,l), n = 0,l,... 

Remind that the rows and columns of matrix p are labeled by 

ai,a2, ... ,61,62, • • • ,01,02, ... ,61,62, •• • 



19 



in this order. The Cayley-Hamilton theorem gives that Xq,pi^q,p) = 0- This imphes that the 
sequence u„ satisfies the recurrence 

Un+N-l = ClUn+N-1 + C2Un+N-2 + h Cn-lUn+1 + CN-lUn- 

Sequence tt„ is determined by uq, ni, . . . , tiAr~/-i. They are given by Uj = 
(1,0,..., QfMi^il, . . . , 1), j = 0, 1, . . . , - / - 1. 

Let Ai, A2, . . . , \k be the roots of the characteristic polynomial Xq,p{x) and assume that Xj has a 
multiplicity dj, j = 1^ . . . ^K^ di + d2 + - ■ ■ + dK = N. We also assume that |Ai| > IA2I > • • • > |Ai^|. 
Then there exit constants (possible complex numbers) {Cg^ts ■ s = 1, . . . , K, ts = 0, . . . ,ds — 1} 
such that 

K 

j 

see [3]. 

Then n„ grows as lAil" in the case |Ai| > |Aj|,j 7^ 1. Let us consider this question with more 
details. 

Theorem 1.2 Let Un be the number of the elements of generation n of graph Tg^p and let Un+i = 



n = 0, 


1,.. 




Then Un ~ 


r"„ in the cases 

Hiir' 


. (a) 


q = 


2k, k>3, p> 4; 


(b) 


q = 


2k, k>4,p = 3; 


(c) 


q = 


2k + l, k>2, p>A 


(d) 


q = 


2k + I, k>3, p = 3 


(e) 


q = 


S, p>7. 



Moreover p — 2 < rg^p < p — 1. 

In these cases the growth is exponential. 

2. (a) X4,4 = [x — 1)^. Then Un ~ n; 

(b) X6,3 = -x^{x^ - 1). Then Un ^ n; 

(c) X3,6 = {x- 1)^. Then Un ~ n. 

In these cases the growth is linear. 

Calculations (direct or with Maple 8) give us an evidence that the characteristic polynomial 
Xg,p(a:^)is 

X2k,p{x) = (x'^"^ + x'^~^ H ^ X + l){x'^ - {p - 2)x'^~^ - ■■■ - {p - 2)x + 1), 

for A: > 3, p > 4; 

X2k+i,pi^) = {x"^^^"^ + x'^k H \- x + \){x'^^ - {p - 2)x^^"^ 

{p - 2)x^+^ -{p- 4:)x^ -{p- 2)x''-^ - ...-{p-2)x + l), 
for A; > 3, p > 4; 
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X2k,3{x) = -x{x'' ^ + x'' 1- X + — x*^ ^ x + 1), 

for > 4; 



X2k+i,3{x) = Xq,p{x) = -x{x^^~'^ + x^'' H \-x + l)(x^^ — X^^"^ _ . . . _ a:;'=+lx'^+^ + x^- 

x^~^ + 

for A; > 3; 

X3,p(x) = x^ - (p - 4)x + 1, 
for p > 7; 

The characteristic polynomial X2q,p{x) has a nontrivial factor 

Xq,p = x^-{p- 2)x^-^ - 2)x + 1 

in the cases q = 2k, fc > 3, p > 4 and q = 2k, k > 4:,p = 3. We have numerical evidence (based on 
calculations with Maple 8) that all zeros of this factor different from r2k,p and r^^^^ have absolute 
value one, i.e., they arc points of the unite circle. 

The characteristic polynomial X2k+i,p{x) has a nontrivial factor 

X2fe+i,p(x) = ix^'' -{p- 2)x2*^-i {p- 2)x'=+i - (p - 4)x'=- 

{p - 2)x'=-i (p - 2)x + 1) 

in the cases q = 2k + I, k > 2, p > 4 and g = 2A; + 1, k > 3,p = 3. We have numerical evidence 
(based on calculations with Maple 8) that all zeros of this factor different from r2k+i,p and 'r'2^_^ip 
have absolute value one, i.e. they are points of the unite circle. 

Remark When g = 4fe + 1, as polynomial X4:k+i,pix) is reciprocal, it is not difficult to prove that it 
if it has exactly two real roots, then it has at least one complex root zi such that \zi\ = 1. Indeed, 

if zi is a complex root with \zi \ ^ 1, then, zi, zT, — and — are four distinct roots. Accordingly, if 

Zl Zl 

no complex root has modulous 1, and if the polynomial has exactly two real roots, then the number 
of roots is of the form 4h+2. 
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